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Introduction

m One of the challenging problems arising in the mode
finance is finding efficient ways clummarizingand
visualizingthe stock market data that would allow one

to obtain useful information about the behavior of the
market.

m e consider a method summarizing the stock prices

data based on representing the stock market as a
graph.
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Introduction

Graph representation of massive datasets

In many cases, a real-life massive data set can be
represented as a large graph with certain attributes
associated with its vertices and edges. These attributes r
contain specific information characterizing the given

ap
Im
ap

nlication. Studying the structure of this graph is
portant for understanding the structural properties of tr

nlication it represents, as well as for improving storage

organization and information retrieval.
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Graph Theory Basics

Definitions:

G = (V, F) is a simple undirected graph,
V={1,2,...,n}.

G = (V, E), is thecomplement graph af = (V, E),
whereE = {(i,7) | i,j € V, i # j and(i, j) ¢ E}.

ForS CV,G(S)= (S, ENS x S)the subgraph induced
by S.
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s Graph Theory Basics

Example:

V =

{1, 2, 3, 4, 5}
b =

{(1,2), (1,3),
(1.4), (2,3),
(2,4), (3,4),
(3.9), (4,5)}




Graph Theory Basics

S ={1,35)
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Graph Theory Basics

S =1{1,3,5)
G(S) (1)
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Graph Theory Basics

S ={1,3,5)
G(S) :
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Graph Theory Basics

Theedge densitpf the graph is the ratio of the number of
edges to the maximum possible number of edges

Thedegreeof the vertex is the number of edges emanatin
from it. For every integer numbérone can calculate the

number of vertices (k) with the degree equal tb, and
then get the probability that a vertex has the degras
P(k) = n(k)/n, wheren is the total number of vertices.

The functionP (k) is referred to as thdegree distribution
of the graph.
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Graph Theory Basics

A subset”' C V is called acliqueif G(C') is complete, i.e.
It has all possible edges.

A subsetl C V is called anndependent séstable set,
vertex packing) ifG(1) is empty.
A clique (iIndependent set) Is said to be

— maximal if it Is not a subset of any larger cligue
(iIndependent set);

— maximum if there is no larger clique (independent
set) in the graph.
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Graph Theory Basics

Example:

Structure an d Dynamics of Financial Networ ks — p.8/41



Graph Theory Basics

A maximal
clique:
{3,4,5}
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Graph Theory Basics

The maximum
clique:

{1,2,3,4}
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Graph Theory Basics

a(G) — theindependence (stability) numbetrG.
w(G) —theclique numbenf G.

I'1s a maximum independent set@Gf

0

[ is a maximum clique of~

Maximum cligue and maximum independent set problem
are NP-hard
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Market Graph

A stock is represented by a vertex and two vertices are
connected by an edge If theross-correlation of price
fluctuations of the corresponding pair of stocks (calculate

for a certain period of time) is above a threshéid
—1 <0 <1,
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Market Graph

A stock is represented by a vertex and two vertices are
connected by an edge If the cross-correlatodiprice
fluctuations of the corresponding pair of stocks (calculate

for a certain period of time) is above a threshéid
—1 <0 <1,

whereR;(t) = In P]zt iy defines the return of the stockor
dayt. P,(t) denotes the price of the stoclon day:.
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Market Graph
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Evolution of the Market Graph

Period # Starting date Ending date

-
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09/24/1998
12/04/1998
02/18/1999
04/30/1999
07/13/1999
09/22/1999
12/02/1999
02/14/2000
04/26/2000
07/07/2000
09/18/2000

09/15/2000
11/27/2000
02/08/2001
04/23/2001
07/03/2001
09/19/2001
11/29/2001
02/12/2002
04/25/2002
07/08/2002
09/17/2002
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Evolution of the Market Graph

daysshifts] 1 | 2 | 3

350
b0
ba0
700
730
800
830
900
930
1000

Time shifts used for studying the evolution of the markepgra
structure
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Evolution of the Market Graph
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—s—period 1 —8—period 3 — —period S
——pefiod ¥  —s—petiod 3 —e—period 11

Distribution of the correlation coefficients between alhsmlered pairs
of stocks in the market, for odd-numbered time shifts
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Evolution of the Market Graph
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Growth dynamics of the edge density of the market graph aower t
(6 = 0.5)
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Market Graph

m The edge density of the market graph corresponding

the latest period was more than 8 times higher than f
the first period.

m The dramatic jump of the edge density suggests that
there Is a trend to thigglobalization” of the modern
stock market, which means that nowadays more and
more stocks significantly affect the behavior of the

others, and the structure of the market becomes not
purely random.
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Market Graph
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Figure 2: Degree distribution of the complementary mark
graph for (a) = —0.15; (b) 8 = —0.2; (c) 8 = —0.25
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Evolution of the Market Graph
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Degree distribution of the market graph for periods 1, 4nd, Al
(logarithmic scalef = 0.5).
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Market Graph

m The degree distribution represents giebal pattern
of connectionan the market graph.

m [t turns out that the degree distribution of the market
graph has a highly specifipgwer-law structure. This
structure remains stable over the considered time
Intervals in 2000-2002.

m An interesting fact is t
many other graphs re

nat besides the market graph,
oresenting real-life datasets

arising in diverse app

ication areas also have a

well-defined power-law structure. This fact served as
motivation to introduce a concept delf-organized"
networks and it turns out that this phenomenon also
takes place In finance.



Power-Law Model

The fractionP (k) of vertices of degreé in the graph is
proportional to some power @f I.e.,

P(k) oc k77, (1)
Equivalently, one can represent it as

log P < —vylogk, (2)

which demonstrates that this distribution would form a
straight line in the logarithmic scale, and the slope of
this line would be equal to the value of the parameter
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Examples of Power-Law Graphs

m Call Graph
The vertices are telephone numbers, and two vertice
are connected by an edge If a call was made from or
number to another.

= Web Graph
The vertices of this graph are documents and the edr
are links (URLSs) that point from one document to
other.

m Internet Graph
The vertices areoutersnavigating packets of data or
groups of routersgqomaing. The edges in this graph
represent wires or cables in the physical network.

Structure and Dynamics of Financial Networks — p.22/41



Call Graph

Abello, Pardalos, Resende (1999). AT&T

m A graph based on one 20-day period
vertices and 4 billion edges.

nilling records

nad 290 million

m The analyzed one-day call graph Ha®l /767,087
vertices and over 170 millions of edges

m 3,667,448 connected components, most of them tiny
only 302,468 (or 8%) components had more than 3
vertices. A giant connected component with

44,989,297 vertices was computed.
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Call Graph
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Web Graph

Broder et al. used two Altavista crawls, each with about
200 million pages and 1.5 billion links in their experiments
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Number of vertices with various out-degrees (left) andrdbsgtion of
sizes of strongly connected components (right) in Web graph
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Power-Law Graphs

m Barabasi et al. (1999) =~ 2.45 for outdegrees,
~v =~ 2.1 for indegrees of Web graph.

m Aiello et al. (1999):y = 2.1 for Call graph.
m Market graph: v ~ 0.68(6 = 0.3);0.83(6 = 0.4).

m Complementary market graph:
v~ 1.41(0 € |—0.2, —0.15]).
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Market Graph

m Cliguesin the market graph represent classes of
stocks whose pricesxhibit similar behavior over
time,l.e., a stock in a cligue Is correlated wigtl other
stocks in this clique.

m Independent setan the market graph represent
diversified portfolios, where every stock is negatively
correlated with all other stocks in the independent se

m Finding cliques and independent sets provides a nev
tool of classification of stocks and diversified portfolic
selection.
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Market Graph

To find a large cligue, we apply the following greedy
algorithm. Let us denote b¥ (i) = {j|(7,j) € E'} the set
of neighbors of in G = (V. F).

C = @, G() — G;
do
Go= (1 N@)\C;
1eC
C = C'|Jj, wherej is a vertex of largest degree in
Go;
until Go = 0.
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Market Graph

G'(V' E') is the graph induced by vertices remaining afte
recursively removing from the graph all of the vertices
which are not inC' and whose degree is less than.

9  edge density clique size|V'| edge dens. G’

0.35 0.0090 168 535 0.6494
0.4 0.0047 104 405 0.6142
0.45 0.0024 109 213 0.8162
0.5 0.0013 84 146 0.8436
0.55 0.0007 61 102 0.8701
0.6 0.0004 45 70 0.8758
0.65 0.0002 23 80 0.5231
0.7 0.0001 21 33 0.7557
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Market Graph

Edge formulation of the Maximum Clique Problem:

L
i=1
st. zi+x; <1,V(i,7) ¢ E,

$i€{0,1},z’:1,...,n.

w(G) = max

This integer program can be solved using modern
commercial software packages.
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Market Graph

¢ edge density w(G)

0.35 0.0090 193
0.4 0.0047 144
0.45 0.0024 109
0.5 0.0013 85
0.55 0.0007 63
0.6 0.0004 45
0.7 0.0001 22

Cligue number of the market graph for different values of
the correlation threshold
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Market Graph

¢ edge density clique size

0.05 0.5206 1369
0.1 0.2837 943
0.15 0.1469 651
0.2 0.0741 461
0.25 0.0364 341
0.3 0.0178 257

Size of a cligue found in the market graph for different
values of the correlation threshold
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Market Graph
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Evolution of the maximum clique size in the market grapt
(6 = 0.5)
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Market Graph

¢  edge density Indep. setsize

0.05 0.4794 36
0.0 0.2001 11
-0.05 0.0431 5
-0.1 0.005 3
-0.15 0.0005 2

Size of an independent set found in the market graph ant
density of the complementary graph for different values c
the correlation threshold
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Market Graph

Clustering coefficients of the market graph (
complementary graph)

0 edge density clustering coef.

-0.15 0.0005 2.64 x 107°

0.1 0.0050 0.0012
0.3 0.0178 0.4885
0.4 0.0047 0.4458
0.5 0.0013 0.4522
0.6 0.0004 0.4872

0.7 0.0001 0.4886
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Market Graph

m [t turns out that the sizes of independent sets detecte
In the market graph are significantly smaller than
cligue sizes, which indicates that one would not expe
to find a large diversified portfolio in the modern stoc|
market, but there are a lot of stocks exhibiting similar
behavior.

m This fact provides another argument in support of the
iIdea of the globalization of the stock market.
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Market Graph

symbol degree symbol degree
QQQO 216 | IVW 156
IWF 193 | IAH 155
IWO 193 | IYY 154
'YW 193 | IWB 153
XLK 181 | IYV 150
VV 175 | BDH 144
MDY 171 | MKH 143
SPY 162 | IWM 142
|IJH 159 | IJR 134
WV 158 | SMH 130

20 instruments with highest degreé@s=£ 0.6).
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Market Graph

m Stocks with high degrees in the market graph are
correlated with many other stocks, which implies thai
high-degree stocksost accurately reflect the

behavior of the market.
m All high-degree vertices correspond

fachange

Traded Funds (stocks corresponding fndices.
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Concluding Remarks

m The evolution of the market graph over time confirms
the idea of globalization of the stock market

m The degree distribution of the market graph remains
stable and has a highly specific structure. In this sen.
the stock market can be considered as a
“self-organized" system

m Independent sets and sparse subgraphs
(quasi-independent setspiversified portfolios

m Clique partitioning — a natural approach to the
classificationof financial instruments

m Other problems?
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